Test 1 Integral Review
Hints for which method to use are on the next page. Answers and then full solutions
follow. (Please give the integrals a try first before consulting the Hints/Answers/Solutions!
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Hint: For one of trig sub problems, you’ll need that sin(20) = 2sin cos 6.



Hints on suggested methods

1. integration by parts (after parts, should require u-sub)
2. u-sub

3. trig substitution

4. partial fractions

5. trig integral

6. trig substitution (after substitution, should have a trig integral; after integrating, here’s
where the hint about double angle formula on the last page comes in.)

7. integration by parts (will have to apply twice)
8. trig integral
9. long division (should follow with partial fractions)
10. partial fractions (one or two of your subsequent integrals should require u-sub)
11. u-sub
12. trig substitution
13. trig integral
14. integration by parts (will have to apply twice)

15. u-sub
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Full solutions
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Try integration by parts with u = tan™!(z) and dv = 1dz. This gives du =

and v = x.

The integration by parts formula is / udv = uv — / vdu, so our integral is:

= ztan!(x) —/ .
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We need u-sub to take care of the remaining integral. We've already assigned the
variable u though, so we’ll substitute with a different variable, w: Try w = 2% + 1.

Then, dw = 2zdx, or TM = xdx.

= ztan ! (7) —/——dw
2w

= ztan~!(z) — s Infw| + C

Rewrite in terms of x:

= ztan '(z) — s Injz? + 1|+ C
sin(v/7)
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There’s a composition here, so try u-substitution with v = y/z. Then, du = —=dx
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(by power rule), or 2du = \/%;dx

So, our integral can be rewritten as:
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Don’t let the composition fool you—u-sub doesn’t quite out here. Since we have a
difference of squares inside a square root, this is suggestive that we try trig substitution

dx



instead. This is a secant form substitution, with a=1. In other words, try x = sec#.
Then, dxr = sectan@df. (Don’t forget your dx!)
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/ - sec f tan d
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You'll note that we did not copy over the old bounds. This is because they don’t work
with 0! You’ll need to use your substitution x = sec to solve for the new bounds by
plugging old ones in for x and solving the resulting equation for 6.

Finding 1’s replacement:

1 = secf (take reciprocals)
1 =rcosf

0=4

Finding 2’s replacement:

2 = secd (take reciprocals)
1/2 = cosf

T/3=10

So, our integral is now:
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Since this was a trig sub problem, we should be able to apply a Pythagorean trig
identity to rewrite the inside of the radical:
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Since we changed our bounds over, we can evaluate this directly and don’t need to
bother with rewriting in terms of x.

= sin(7/3) — sin(0)
— \/3/2
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The bottom factors nicely—try partial fractions.

We have a repeated linear term and a unique linear term. Set up an equation to solve
for the partial fraction decomposition as follows:

1 A B C D

»x-1) =z x2+z3 x—1
Finding common denominators gives:
1 Az*(x — 1)+ Bx(z — 1)+ C(z — 1) + D23
x3(x —1) - x3(r —1)
At this point we may examine numerators only:
1=A2z*(x — 1)+ Bx(x — 1) + C(x — 1) + Da?
Plugging in x=1 is a shortcut that will give us D = 1; and plugging in x=0 is a shortcut
that will give us —C' =1, or C' = —1.
1=A2*(z—1)+Bz(z —1) —z+1+2a?
We can expand the RHS and check coefficients to try to solve a system of equations
for the remaining variables A and B.

1=Ax®— A2®> + Ba2 — Bxr —x + 1 + 2.

This suggests 0 = A+ 1, or A = —1 by looking at the coefficients on the cube terms.
This also suggests 0 = —B — 1, or B = —1 if we look at the coefficients on the x’s.

Thus, our integral can be rewritten as:
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5. /07r/2 cos®(x)+/sin(x)da

Cosine appears to an odd power here, so consider a trig integral. We can reserve one of
the copies of cosine for use in the du of a u-substitution, but then we’ll have to rewrite
the rest of the cosines in terms of sine using the Pythagorean trig identity.
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/2
= /0 cos?(z)+/sin(z) cos(z)dx
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Try u = sin(x). Then, du = cos(z)dz. Note that the u-sub changes bounds—we plug
the old ones in for x in u = sin(x) to get the new bounds on wu:

1
= / (1 —u?®)vu du

0
Try expanding before integrating here.
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We have a difference of squares inside a square root. This means we probably need
trig substitution. Here, try x = V/3sin 0, so that dz = V3 cos 0de.

— /\/3—381n29-\/§C089d9

We’ll need to factor the inside of the radical to apply the necessary trig identity to
simplify.
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= / 3 cos? db

Note that this is a trig integral now, with even powers only. Rewrite using the half
angle identity.

1 cos20
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3  3cos26
= | = df
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3 P 3 sin 26
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Now, we need to rewrite this in terms of x. Note that we can’t quite set up a reference
triangle or use trig identities to rewrite the sine term with the double angle—so here’s
where the hint from the first page comes in. Rewrite the sine term with the double
angle identity:

3 3-2sinfcosf
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We can use that = v/3sin#, or 7 = sin @ to solve directly for # using the arcsine

function. We may pair this substitution with the Pythagorean trig identity to solve
for cos @ as follows:

sin?6 + cos?26 = 1
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So, rewriting our integral now should give us:
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We have a product of functions, so try integration by parts. Let v = 2%, and dv =
cos(x)dx. Then du = 2xdx and v = sin(x).
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The integration by parts formula is [ udv = uwv — [ vdu, so our integral equals:
w/2
= 22sin(z)|7/* — / 2z sin(x)dx
0

We’ll need to do integration by parts one more time on the remaining integral. Let’s
start over fresh with a new u and dv: let u = 2z, and dv = sin(z)dx. Then, du = 2dx
and v = — cos(z)dx.

Applying the integration by parts formula we get:

/2
= 22sin(2)|7? — | =22 cos(z) [} — / —2 cos(z)dx
0
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0
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[
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8. / sec(z) tan® (z)dx

This is a trig integral with an odd number of tangent terms (and nonzero number of
secant terms). This means we can set aside a sec(x) tan(z) for our du, and rewrite all
of the remaining tangents in terms of secant:

= /tanQ(:v) sec(z) tan(z)dz
= /(8602(x) — 1) sec(x) tan(x)dx

Now we can try a u-sub with u = sec(z) and du = sec(x) tan(z)dz:

= /(u2 —1)du
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And, plugging u back in:
sec3(z)

=—3 = sec(z) + C
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We’ve got a polynomial over a polynomial, so this implies we shoot for a method from
the partial fractions section. Since the degree of the top polynomial is the same as the
degree of the bottom, we start with long division:

3
x - 2x — 8 3 x? - 2
3Ix? - Bx - 24

bx + 22

This implies that we can rewrite the integral as:

6x 4 22
_/3+—x2—2x—8dx

B 6x + 22
_/3+ D@t

Now, we can try to rewrite the rational function using partial fractions. We have two
unique linear terms, so we set up:

6x + 22 A B

= +

(x—4)(x+2) (x—4) (z+2)

Find the common denominator and add on the right to get:
6 + 22 Az +2)+ B(x — 4)

(x —4)(z +2) (x —4)(x+2)

And now we can look at only the numerators:
6z + 22 =A(x +2)+ B(x — 4)

At this point, we can plug in x=-2 to get that
—124+22=A-0+ B - (—6)

10 =—-6B

B=-5/3

We can similarly plug in x=4 instead to get that
24422=A-6+B-0

46 = 6A
A =23/3.
We can now rewrite our integrand and integrate:
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We’ve got a rational function with no clear u-sub. The bottom is already factored in

order for us to try partial fractions. So, set up the function for rewriting with a unique
linear term and an irreducible quadratic term. We’d like it to look like the following:

1 _A;v—l—B C

@)+ 241zl
Find a common denominator and add:
1 (Az+ B)(x + 1)+ C(2* + 1)

EESVEER) @2+ 1)+ 1)

Now we can look at the numerators only:

1= (Az+ B)(x+ 1) + C(z* + 1)

We can try plugging in x=-1 to solve for one of the variables:
1=(-A+B)-0+C(1+1)

1=2C,s0C = %

This gives us the equation:

1= (Az+ B)(z+ 1)+ 3(z2 + 1)

We can try plugging in x=0 now to get rid of the A term so that we can solve for B:
1=(A-0+4B)(1)+ 3(1)

1=B+ %, so B also is equal to %

Now, we can try multiplying out and checking coefficients in order to solve for B:
1=(Az+)(z+1)+3(2*+1)

1=A® + Az + jo+ 5+ 3527 + 3

iotice 1tha‘c the coefficients on both the 22 and = terms implies that A + % = (0. Thus,

2
Now that we have all of the coefficients figured out, we can rewrite the integral:
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We can split the integral into pieces to make each easier to handle. This will give us
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The first integral will require a u-substitution, using u = 2% + 1 and du = 2zdz, or

du/2 = xdx.

1] W1 1 L | L |
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2 u(O) u 2 0 X + ]. 0 a "‘ ]_

These are now reasonably straightforward integrals to compute:

1 1 u(1) 1
=5 {—iln |u\] + [tan~!(z) + In |z + 1]],,

u(0)

We can rewrite the u term in terms of x so that we can evaluate the bounds all at the
same time.

1 1
=3 [—ﬁln\xz + 1] +tan"*(z) + In |z + 1\]
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We have a composition, so let’s try u-sub. Let u = In |z|, so that du = %dx. Then, we
may rewrite the integral in terms of u—which includes changing our old bounds over
by plugging them into the u we selected.
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The form of this integral suggests that we use a trig substitution. Try z = 2tan 6, so
that do = 2sec? 0df. Now when we plug things in, we get:

B / 2sec? 0 "
] (4tan?0 +4)3/?

Now we can factor a 4 out in the denominator so we can simplify with a trig identity:
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= /Zcosﬁdﬁ

= isin@—I—C’

Now we need to rewrite sin # in terms of x. Use the fact that x = 2tan § was our trig

sub, which means £ = tanf = 22%4¢ [f we get up a reference triangle, we’ll find out
’ 2 adjacent ’

that the hypotenuse is of length /22 + 4. Then, we get sinf = h;ﬁff:ézese = \/:c326+ —.

Our integral then comes out to:
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/ cos* (20)dx

This is an integral of a trig function with only even powers. This means we’ll want to

rewrite it using the half angle formula cos® = % + #. Rewrite the cosine term as

cosine squared raised to some power to make it easier to plug in.
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Note that we have another even trig integral, so we’ll have to apply the identity again.
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3 L 1 . Ar + sin 8x
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8 8 64

2
/ 22t dr
1

We have a product of two functions. We’ll need integration by parts. Try u = 22 and
3z

dv = e**dz, so that du = 2zdr and v = &-.
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The integration by parts formulais [ udv = uv— [ vdu, so our integral can be rewritten:

J]ZGSI ) 2 2 -
= i — | sxedx
1

3 3
We again need integration by parts on the remaining integral, so let’s start over with
3x
a new u and new du. Let u = %x and dv = e3dx so that du = %d:v and v = .

Applying the formula one more time, we get:
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Notice the composition of functions, since there’s a sine function inside of the exponen-
tial. We'll try a u-sub with u = sin4z and du = 4 cos 4zdz, or rather du/4 = cos4xdzx.
With this, the integral looks like:

:/%du
eu
_Z+C

And when we sub u back in,

esin %

=——+C




