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0.1 Product Rule

The Product Rule

[f(x) · g(x)]′ = f(x)g′(x) + g(x)f ′(x)

In words, the derivative of a product is the first times the
derivative of the second plus the second times the derivative
of the first.

Examples of the Product Rule

PR 1. If h(x) = x3 sin(x) then h(x) = f(x) · g(x) with:

f(x) = x3 and g(x) = sin(x).

To use the product rule, we need the derivatives:

f ′(x) = 3x2 and g′(x) = cos(x).

We can now write:

h′(x) = f(x)g′(x) + g(x)f ′(x)

= x3 cos(x) + sin(x) · 3x2

= x3 cos(x) + 3x2 sin(x).

PR 2. If h(x) = 3x5 cos(x) then h(x) = f(x) · g(x) with:

f(x) = 3x5 and g(x) = cos(x).

To use the product rule, we need the derivatives

f ′(x) = 15x4 and g′(x) = − sin(x).

We can now write:

h′(x) = f(x)g′(x) + g(x)f ′(x)

= 3x5(− sin(x)) + cos(x) · 15x4

= −3x5 sin(x) + 15x4 cos(x)

= 15x4 cos(x) − 3x5 sin(x).

https://youtu.be/1BEIrnZ_OkU
https://youtu.be/3Ka_23hiuXc
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PR 3. If h(x) = (x2− 5x− 2)ex then h(x) = f(x) · g(x) with:

f(x) = x2 − 5x− 2 and g(x) = ex.

To use the product rule, we need the derivatives:

f ′(x) = 2x− 5 and g′(x) = ex.

We can now write:

h′(x) = f(x)g′(x) + g(x)f ′(x)

= (x2 − 5x− 2)ex + ex(2x− 5)

= (x2 − 5x− 2 + 2x− 5)ex

= (x2 − 3x− 7)ex.

PR 4. If h(x) = x ln(x) then h(x) = f(x) · g(x) with:

f(x) = x and g(x) = ln(x).

To use the product rule, we need the derivatives:

f ′(x) = 1 and g′(x) =
1

x
.

We can now write

h′(x) = f(x)g′(x) + g(x)f ′(x)

= x · 1

x
+ ln(x) · 1

= 1 + ln(x).

PR 5. If h(x) = ex sin(x) then h(x) = f(x) · g(x) with:

f(x) = ex and g(x) = sin(x).

To use the product rule, we need the derivatives:

f ′(x) = ex and g′(x) = cos(x).

https://youtu.be/DaVxKhW7ZGY
https://youtu.be/mJXBsi0uZWA
https://youtu.be/hZC3kMNKHa0
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We can now write:

h′(x) = f(x)g′(x) + g(x)f ′(x)

= ex cos(x) + sin(x)ex

= ex[sin(x) + cos(x)].

PR 6. If h(x) = (1 + x2) tan−1(x) then h(x) = f(x) · g(x)
with:

f(x) = 1 + x2 and g(x) = tan−1(x).

To use the product rule we need the derivatives:

f ′(x) = 2x and g′(x) =
1

1 + x2
.

We can now write:

h′(x) = f(x)g′(x) + g(x)f ′(x)

= (1 + x2)
1

1 + x2
+ tan−1(x) · 2x

= 1 + 2x tan−1(x).

https://youtu.be/NvlgmABasiQ


4

0.2 Quotient Rule

The Quotient Rule

(
f(x)

g(x)

)′
=

g(x)f ′(x) − f(x)g′(x)

g2(x)

In words, the derivative of a quotient is the bottom times
the derivative of the top minus the top times the derivative of
the bottom, all over the bottom squared.

Examples of the Quotient Rule

QR 1. If h(x) =
x + 1

x− 1
then h(x) =

f(x)

g(x)
with:

f(x) = x + 1 and g(x) = x− 1.

To use the quotient rule we need the derivatives:

f ′(x) = 1 and g′(x) = 1.

We can now write:

h′(x) =
g(x)f ′(x) − f(x)g′(x)

g2(x)

=
(x− 1)(1) − (x + 1)(1)

(x− 1)2

=
(x− 1) − (x + 1)

(x− 1)2

= − 2

(x− 1)2
.

https://youtu.be/mQLa_jvXMKM
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QR 2. If h(x) =
x2 − 3x

x3 + 5
then h(x) =

f(x)

g(x)
with:

f(x) = x2 − 3x and g(x) = x3 + 5.

To use the quotient rule we need the derivatives:

f ′(x) = 2x− 3 and g′(x) = 3x2.

We can now write:

h′(x) =
g(x)f ′(x) − f(x)g′(x)

g2(x)

=
(x3 + 5)(2x− 3) − (x2 − 3x)(3x2)

(x3 + 5)2

=
(2x4 − 3x3 + 10x− 15) − (3x4 − 9x3)

(x3 + 5)2

=
2x4 − 3x3 + 10x− 15 − 3x4 + 9x3

(x3 + 5)2

=
−x4 + 6x3 + 10x− 15

(x3 + 5)2

QR 3. If h(x) =
cos(x)

2x + 1
then h(x) =

f(x)

g(x)
with:

f(x) = cos(x) and g(x) = 2x + 1.

To use the quotient rule we need the derivatives:

f ′(x) = − sin(x) and g′(x) = 2.

We can now write:

h′(x) =
g(x)f ′(x) − f(x)g′(x)

g2(x)

=
(2x + 1)(− sin(x)) − cos(x) · 2

(2x + 1)2

= −(2x + 1) sin(x) + 2 cos(x)

(2x + 1)2

https://youtu.be/a0xcaLdlqZY
https://youtu.be/IPYC30SSAro
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QR 4. If h(x) =
ex

x2 + 1
then h(x) =

f(x)

g(x)
with:

f(x) = ex and g(x) = x2 + 1.

To use the quotient rule we need the derivatives:

f ′(x) = ex and g′(x) = 2x.

We can now write:

h′(x) =
g(x)f ′(x) − f(x)g′(x)

g2(x)

=
(x2 + 1)ex − ex(2x)

(x2 + 1)2

=
(x2 − 2x + 1)ex

(x2 + 1)2

=
(x− 1)2ex

(x2 + 1)2

QR 5. If h(x) =
ln(x)

x + 1
then h(x) =

f(x)

g(x)
with:

f(x) = ln(x) and g(x) = x + 1.

To use the quotient rule we need the derivatives:

f ′(x) = 1/x and g′(x) = 1.

We can now write:

h′(x) =
g(x)f ′(x) − f(x)g′(x)

g2(x)

=
(x + 1)(1/x) − ln(x)

(x+ 1)2

=
(x + 1)(1/x) − ln(x)

(x+ 1)2
· x
x

=
(x + 1) − x ln(x)

x(x + 1)2
.

https://youtu.be/mbUekZP2IsY
https://youtu.be/jg4hL-hPI48
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QR 6. If h(x) = tan(x), we first rewrite h(x) as
sin(x)

cos(x)
and

then h(x) =
f(x)

g(x)
with:

f(x) = sin(x) and g(x) = cos(x).

To use the quotient rule we need the derivatives:

f ′(x) = cos(x) and g′(x) = − sin(x).

We can now write:

h′(x) =
g(x)f ′(x) − f(x)g′(x)

g2(x)

=
cos(x) cos(x) − sin(x)(− sin(x))

cos2(x)

=
cos2(x) + sin2(x)

cos2(x)

=
1

cos2(x)
= sec2(x)

This important formula is worth remembering: if f(x) =
tan(x) then f ′(x) = sec2(x).

QR 7. If h(x) = cot(x), we first rewrite h(x) as
cos(x)

sin(x)
and

then h(x) =
f(x)

g(x)
with:

f(x) = cos(x) and g(x) = sin(x).

To use the quotient rule we need the derivatives:

f ′(x) = − sin(x) and g′(x) = cos(x).

https://youtu.be/YW68eyqZJ8g
https://youtu.be/nLwYWSf_XJA
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We can now write:

h′(x) =
g(x)f ′(x) − f(x)g′(x)

g2(x)

=
sin(x)(− sin(x)) − cos(x) cos(x)

sin2(x)

= −sin2(x) + cos2(x)

sin2(x)

= − 1

sin2(x)
= − csc2(x)

This important formula is worth remembering: if f(x) =
cot(x) then f ′(x) = − csc2(x).

QR 8. If h(x) = sec(x) first we rewrite h(x) as
1

cos(x)
and

then h(x) =
f(x)

g(x)
with:

f(x) = 1 and g(x) = cos(x).

To use the quotient rule we need the derivatives:

f ′(x) = 0 and g′(x) = − sin(x).

We can now write:

h′(x) =
g(x)f ′(x) − f(x)g′(x)

g2(x)

=
cos(x) · 0 − 1 · (− sin(x))

cos2(x)

=
sin(x)

cos2(x)

=
1

cos(x)
· sin(x)

cos(x)

= sec(x) tan(x)

https://youtu.be/Qslesf590W4
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This important formula is worth remembering: if f(x) =
sec(x) then f ′(x) = sec(x) tan(x).

QR 9. The last trig function is csc(x) and, if f(x) = csc(x)
then f ′(x) = − csc(x) cot(x).

QR 10. If h(x) =
x2 + 3x + 5

x
then we could find h′(x) by

using the quotient rule, but it is easier to rewrite the
functions as h(x) = x + 3 + 5

x
= x + 3 + 5x−1 and find

h′(x) using the constant rule, power rule and the con-
stant multiple rule. We have:

h′(x) = 1 + (−5)x−2 = 1 − 5

x2
.
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