Solve the differential equation 2?y” + 32y’ + (1 + )y = 0 about z = 0.

Comparing the differential equation with P(z)y” +Q(x)y + R(z)y = 0, we get P(x) = 2. Note that x = 0
makes P(x) zero, so x = 0 is a singular point.

R 1
Since lim(x — 0) Q) =limz > =3 and lim(z — 0)? (x) —lim2®> ~——% — 1 we conclude
z—0 P(aj) x—0 372 r—0 P(;L’) r—0 ,7}2

that x = 0 is a regular singular point.
Let y = 2" Z anpx” = Z a,z""" be a solution.

n=0 n=0
Then y' = Z(n +r)a,x"t Y = Z(n +7r)(n+r—1)a,z"t" 2

n=0 n=0

Substituting these into the differential equation (2%y” + 32y’ + v + 2y = 0), we get

Z(n +r)n+r—1)a,z"™" +3 Z(n ) apa™ o+ Z 4,z o+ Z a4, 2" = 0
n=0 n=0 =0 =

[r(r = 1) + 3r + 1aoz” + f:{[(n +r)(n+r—1)+3(n+7r)+ a, + ap_ 2" =0

n=1

F(r)apz" + Z{F(n +7)an + ap_1 2" =0, where F(r) :=7(r—1)+3r+1=(r +1)*

n=1

(ag #0) = F(r)=0, and F(n+r)a,+a,-1 =0, n>1

= r=-1,—-1 an(r) = —;Z—l_i(_r)), n>1 (Recurrence Relation)
n+r

From the recurrence relation, we get

Qo Qo
a; = — = -
! F(r+1) (r +2)2

@ — — a1 o Qo
2T F(r+2) (r+3)2(r+2)2

a2 Qo

4= F(r+3) B (r4+4)2(r + 3)%(r + 2)?

Qo

an(r) =(=1)" (r+n+1)2%r+n)?...(r+2)% nzl




For the first solution (Qr = —1), we get

. 1 1
wm= ) Ty e

Thus the first solution is

y(@) =yi(r) =Y a,a" " = z:(—l)"(nl!)2 2" 1> 0.

Since 11 = 79, the second solution has the form

y=1y(r) =y (z) Inx + 2" Z a, (r)a", z>0.
n=1

(r+n+1)2(r—|-()n)2...(r+2)2’

" n>1as

To find a,(r1) we write a,(r) = (—1)

an(r) = (=1)" %(T) taking ap = 1 where G, (1) := (r + n+ 1)*(r +n)*... (r +2)%

G 2
Note that —* 5 using the fact that if

! b b b,
f@) _ _b ..+ .
flz) x—a x—a T — an,

f(@) = (z —a)™(x —az)”...(z — a,)", then

N P ). G Py = (—1y Cnlr) 1
~ i Vgl O gy G = R e

2 2 2 1
_r+n+1+r+n+”'+?"+2] [(r+n+1)2(r+n)2...(r+2)2 1

ety o

1 1 1 1
o n+1 R _ _ _
(—1)""2H, (D)2 where H, .—1+2+3—|—...+n
Thus a second solution is
> 2H,
yo(z) = yy () Inw +27* 2:(—1)"Jrl x", x>0,

(n!)?

n=1

where y; is the first solution.



